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Abstract
It is shown theoretically and numerically that a metal-dielectric or an all-dielectric side-by-side
gratings structure can support non-degenerate guided modes coupled to the same radation mode.
This realizes an easy to fabricate, simple system supporting a nearly degenerate, efficiently
coupled, double Fano resonance. The ensuing relatively narrow and high-visibility spectral line-
shape can be useful for realizing ultra-thin optical filters.
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1. Introduction

Asymmetric Fano resonances, being of considerable interest in
optics [1–3], are characterized by a steep dispersion, which
makes them promising for various applications such as bio-
chemical sensing, switching and lasing [4–12]. Originally,
asymmetric profiles were found [13] and later explained by Fano
[14] in autoionizing states in atoms and in nuclear reactions by
Feshbach [15]. It is well understood by now that the Fano–
Feshbach resonance is a universal wave phenomenon applicable
to many different physical systems involving waves which are
coupled to a continuum of states in a superposition of direct
scattering together with indirect scattering through a long-lived
bound mode. A straightforward generalization uses a system in
which another indirect scattering through an additional bound
mode exists [13, 16, 17]. This allows the system to posses an
extremely narrow line-shape which can be very important for
sensing applications and for realization of slow-light [18]. In
optics, realization of systems exhibiting such a double Fano–
Feshbach resonance (DFFR) usually make uses of dedicated
resonators, such as ring resonators, metallic nanorods with
different symmetric or asymmetric resonator structures or
Bragg resonators [8, 19–25], which can make the device either
relatively thick (with thickness of several to tens of microns) or
relatively complicated to fabricate. The analytical expression
describing the DFFRs [8] or multi FFRs [26, 27], is treated in

many articles as the mathematical equations describing the
interactions between uncoupled bounded modes with many
continuum modes, consequently we can see the reflected/
transmitted spectrum as a summation of multi single Fano
resonances (see e.g. section III. B in [28]). However, Fano
stated [14] that the DFFR profile sould be calculated using a
more accurate expression describing the interaction between
two degenerated modes coupled to a single continuum mode
which fit our model better (see e.g. section III. C in [28]) and
[17, 28, 29].

Recently, we have suggested a metal on dielectric grat-
ings based device that manifest a DFFR with the benefits of
the device being extremely thin (tens of nanometers) and
simple (its geometrical elements are gratings) [29]. However
this suggested device still suffered from two drawbacks. First
the device contained two stacked gratings one on top of the
other—which is still hard to fabricate. Second, because cou-
pling of light to the bottom grating was inefficient the overall
line-shape was of small visibility, modulating the transmis-
sion (or reflection) of light by only a few percents.

In this work, we bring an alternative scheme for a much
simpler all-gratings arrangement supporting a DFFR with non
of the drawbacks mentioned above. The proposed device uses
two side-by-side gratings. Although the two gratings are
spatially separated the interference from the two gratings in
the far field is able to establish the DFFR line-shape. We
consider two such devices—one is based on propagating
surface plasmon polaritons (SPPs) and the other is based on
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confined bounded modes that are present inside a dielectric
wave-guide. As we show, the efficiencies of both devices is
on the order of tens of percents.

The proposed plasmonic structure is designed as an asym-
metric insulator–metal–insulator (IMI) device, with two different
periodic gratings lying side-by-side that are etched into the metal.
Each periodic grating couples a bound SPP mode at a different
frequency (see figure 1(a)) to an unbounded mode in the
continuum. When the SPP modes are non-degenerate (energy-
wise), this ensures the formation of a DFFR in the far field. The
proposed dielectric wave-guide structure is designed as an
asymmetric insulator–insulator–insulator (III) configuration, with
two different periodic gratings lying side-by-side that are etched
in the core of the structure (middle dielectric layer). Each grating
couples a guided mode in the middle dielectric layer to an
unbounded mode in the continuum (see figure 1(b)). Also,
similarly to the plasmonic device, the non-degenerate case leads
to the formation of a DFFR in the far field. If the bounded modes
are nearly energy-degenerate, the line-shape can posses a narrow
feature, whose narrowness is limited by the decay channels of
each system. Generally, the line-shape for the dielectric structures
would be narrower than for the plasmonic structures. For both
devices, the exact form of the line-shape, for incoming radiation
at a specific angle of incidence, is dependent on the periods of
both gratings as well as on their unit cell configuration.

2. Results

2.1. Basic considerations

We propose here two different structures, each supporting
simultaneously two different bounded (discrete) modes lead-
ing to the formation of a DFFR. The first structure is an
asymmetric (n n1 2¹ ) IMI structure (see figure 2(a)) for
an efficient filtered transmission spectra. The second one is an
asymmetric dielectric wave-guide (n n1 3¹ ) (see figure 2(b))

for an efficient filtered reflection spectra [29–33]. (The dis-
tinction between a ‘reflection’ and ‘transmission’ filter is to
indicate at what configuration—reflection or transmission, the
spectrum exhibits maxima.)

For the IMI structure, we specifically choose gold (Au)
surrounded on its upper side-by air, n1, and on its bottom
side-by sapphire, n2, (Al2O3) [34] and for the dielectric wave-
guide structure, III, we choose a silicon (Si), n2, [34] based
wave-guide surrounded on its upper side-by air, n1, and on its
bottom side-by sapphire, n3, (Al2O3).

For the IMI structure, to couple two different bound
modes to a single continuum of incoming radiation, the metal
layer was corrugated with two different periods—half of the
structure was corrugated with one period and the other half
was corrugated with another period (see figure 2(a)). In order
to improve the power transmission of the field, the impinging
wave should be strongly coupled to the metal-sapphire SPP.
We calculated the periods of the corrugations using the usual
SPP excitation condition [35]:
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where λ is the optical wavelength in vacuum, n1 is the top
dielectric material index of refraction, θ is the angle of inci-
dent and Λ is the period of the corrugation, matching the
impinging radiation with the SPP excitation at the metal-
sapphire interface and β is the propagation constant of the
bounded mode. For IMI structures, β equals:
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where òm is the metal permittivity and ò2 is the dielectric
permittivity of the sapphire. Essentially, equations (1) and (2)
describe a momentum matching condition between the
transverse component of the incoming wave-vector and the
wave-vector of the SPP. The wavelength at which this

Figure 1. The dispersion curves (ω(β)) of the DFFR structure using side-by-side gratings. (a) An asymmetric IMI structure, whose geometry is
shown in the inset, contains two different gratings, each grating is used to couple a plasmonic bound mode to an energy-matched continuum
mode. The coupling is depicted as arrows connecting the bound mode (shown with a continuous line) and the continuum (dashed line)
dispersion curves. (b) A dielectric wave-guide structure (III) supporting guided (bound) modes within its core contains two different gratings on
top. Each grating couples a guided mode to its energy-matched continuum mode. For each structure, the gratings have periodicities which are
inversely proportional to the momentum mismatch represented with the two-sided arrows connecting the dispersion curves.
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condition is satisfied corresponds to a minimum in the
transmission profile in the case of a single FFR [25, 36].

Similarly, for the dielectric wave-guide structure, the
upper air-Si interface was periodically corrugated with two
different periodicities, side-by-side (see figure 2(b)). The
periods of the corrugations were calculated using the trans-
verse magnetic (TM) mode solution for the general asym-
metric slab wave-guide dispersion equation (13.2-11) in [30]:
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wave-guide and ni is the dielectric material index of refraction
corresponding to the air (n1), Si (n2) and sapphire (n3).
Equation (3) embodies transverse momentum matching
between the impinging radiation mode to the bounded (guided)
mode for the all-dielectric system.

In this article, we chose to work with the following
parameters for both devices: incident angle θ=0°, diffrac-
tion order m=1, and λ=800 nm as the degenerate wave-
length. This last parameter is the wavelength at which at the
given incidence angle both bounded modes (one under each
grating) would be excited for both structures [35].

The spectral characterization for both devices used a TM
incident polarization field (with respect to the grating) for

which we calculated the parameters S21 Transmitted Power

Incident Power
=∣ ∣

for transmission and S11 Reflected Power

Incident Power
=∣ ∣ for reflection.

The scattering parameters are computed numerically (using
the commercial COMSOL multiphysics software package) by
selecting two ports that are located several wavelengths above

and below the structure. COMSOL calculates the scattering
parameters for these ports, using finite element analysis of the
electro-magnetic fields.

For each case, we considered the side-by-side gratings
but also, for comparison, a single grating device, for each of
the two periods separately.

For both models, when only a single grating exists (see
figures 3(a) and (b) for the plasmonic structure and
figures 6(a) and (b) for the dielectric structure) the inter-
ference between the direct scattering of the continuum and the
indirect channel through the single bound discrete mode,
results in a standard asymmetric FFR line-shape [29, 37–42].

Generally, the FFR line-shapes can be matched to the
usual form [14, 16, 28, 36, 43–45]:
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where Rk = w w-
G

is the reduced energy, qr—describes the
degree of the asymmetry of the line-shape, qi—describes
the intrinsic losses, Γ is the spectral line-width, and ωR is the
resonance frequency [14, 36]. We note that the original
derivation by Fano used a real asymmetry parameter q. This
parameter is extended to a complex number q=qr+iqi to
account for losses through its imaginary part [44].

When designing a grating structure to support a single
Fano resonance, the parameters of the grating can be mapped
to the parameters of the line-shape [46] where the resonance
of the line-shape ωR is dictated by the period of the grating
while the asymmetry parameter qr is dictated by the unit cell
configuration as the asymmetry parameter describes the
relative coupling strength of the incoming radiation to the
SPP mode and to the scattered radiation mode. These cou-
plings are determined by the shape of the grating’s unit cell.

Figure 2. Structures supporting DFFR: (a) an IMI structure with L1=430 nm, L2=435 nm, d1=64.5 nm, d2=21.75 nm, h1=100 nm,
h2=20 nm; (b) a dielectric wave-guide structure with L1=410 nm, L2=400 nm, d1=41 nm, d2=40 nm, h=20 nm, H=100 nm .
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For a double FFR, there are two discrete bound modes
which are coupled to the same continuum. Now, when radiation
is transmitted through a device supporting such a configuration
it can be described as the contribution of three terms interfering
together: a direct scattering path and two indirect paths through
the bound modes. It is straight forward to derive the line-shape
in this case through an implicit analysis given in Fano’s original
work [14]. The double FFR line-shape is described with two
asymmetry parameters [17, 28]:
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We note that for q1=q2=0 this line-shape is identical
to the line-shape associated with EIT [47]. This specific line-
shape assumes a setting where the far field radiation is a three
terms interference pattern. When the two Fano resonances are

far enough from each other the line-shape reduces to a sum-
mation of two separate Fano resonances—that is—instead of
a superposition of three terms we have (in the intensity
spectral profile) a summation of two intensity profiles where
each intensity profile is a consequence of a two-terms inter-
ference pattern (direct scattering to the continuum and a
bound-state mediated scattering to the same continuum). This
case is mathematically similar to a previous work dealing
with a DFFR [8].

2.2. The plasmonic system (IMI)

For the plasmonic IMI device, the materials permittivities at
λ=800 nm are given by: i1, 24.1 1.5m1 = = - - and
ò2=3.02 [34]. For these values, the corrugation periodicity
that couples the metal-sapphire SPP to the impinging wave, is
found to be, using equations (1) and (2), Λ=430 nm. In our
simulations we chose one period to equal 430 nm and the
second one to equal 435 nm, which is a slightly shifted

Figure 3. Single FFR and DFFR resonances for the plasmonic system. Numerical simulations of the transmission profile (continuous line)
and best-fit FFR line-shapes (dashed line) for: (a) a single FFR for a device with a top corrugation having a periodicity of L1=430 nm (b) a
single FFR for a device with a top corrugation having a periodicity of L2=435 nm (c) a DFFR for a side-by-side grating device with
periodicities of L1=430 nm and L2=435 nm at the top side.
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version of the first one. This alleviates the degeneracy,
ensuring the creation of a DFFR line-shape. The length of the
total metal-dielectric structure was chosen to be L=64 μm,
which contains 74 unit cells for both gratings (the unit cell
lengths are denoted with L1 and L2 in figure 2(a)). The overall
length of the structure was chosen to be much larger than the
longest wavelength of interest. For the plasmonic system, one
can see that the minimum of the FFR profile, where the
bounded mode strongly interact to the continuum one, is
slightly shifted from λ=800 nm which was used to compute
the periodicity of the corrugations using equation (1). This
can be explained by the geometry of the unit cell that effects

the dispersion equation, which is not taken in consideration
when one computes the periodicity of the gratings.

To determine the depth of the corrugations of the metal
layer, we performed numerical simulations (all simulations were
carried using the commercial COMSOL Multiphysics software
package) to optimize the visibility of the transmission curves.
We carried a crude optimization procedure where each geome-
trical parameter of the structure was varied separately to find the
best visibility (difference between the highest and lowest values
on the resonance profile divided by their sum). The outcome was
that the best transmission is obtained for corrugations which are
as deep as the thickness of the metal layer [31].

Figure 4. The effect the incidence angle has on the DFFR line-shape for different incident angles in the plasmonic system: (a) the structure for
corrugation with periodicities of L1=430 nm ans L2=435 nm at the top side (b) θinc=0◦ (c) θinc=1◦ (d) θinc=2◦ (e) θinc=3◦.

Table 1. FFR profile parameters for two different plasmonic
structures having a single periodic corrugation on its top side.

Li PHzG( ) PHzRw ( ) qr qi

L1 0.035 2.51 3.17 0.1
L2 0.033 2.42 −1.02 1.2

Table 2. DFFR profile parameters for the plasmonic structure having
two different periodic corrugations on its top side.

Li PHzG( ) PHzRw ( ) qr qi

L1 0.036 2.48 2.5 1.7
L2 0.033 2.38 −1.5 1.2
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Some technical information for the settings used in the
COMSOL simulations: the size of the first layer, where the
light impinges upon the structure and the size of the third
layer, where the light is transmitted from, where chosen to be
3 times the maximal wavelength used in the simulation. These
layers were also defined as areas where far field equations
are applied. Close to the top and bottom boundaries of the
simulation volume, two ports were set to measure the TM
field (the top port for reflection and the bottom one for
transmission). The boundaries themselves were defined as
perfectly matching boundaries. Their thickness was taken to
be 5 times the size of the maximal wavelength simulated. The
outer parts of the perfectly matching areas were defined as
scattering boundaries in order to prevent any further back-
scattering from the surface of the model.

The matching of the line-shapes parameters that fit
equation (4) for the plasmonic system, were extracted from
each of the two single FFR cases, shown in figures 3(a) and
(b), by first analytically solving four equations involving the
four unknown parameters ωR, Γ, qr and qi. The first equation,
relates the maximum location of equation (4) to ωR, the sec-
ond one relates the minimum location of equation (4) to qr,
the third equation relates the location of one half of the
maximal value of equation (4) to Γ, and finally, the last
equation relates the imaginary part of the asymmetry para-
meter to the displacement of the minimum of the line-shape
from zero (see sections 1.2.1, 1.2.2 and 3.1 in [36]). The
parameters resulting from solving the four equations are
then used as an initial guess for a subsequent least-square

curve-fitting optimization process to match the simulated line-
shapes to the form given with equation (4). The single FFR
line-shape that fits the least squares optimization are shown in
figures 3(a) and (b) (dashed line), where the extracted opti-
mized parameters are given in table 1.

The optimized parameters given in table 1, are for the two
separate IMI structures; one having the corrugation on its top side
for one set of parameters that fit the unit cell of L1 and the other
having the corrugation on its top side having the second set of the
parameters that fit the unit cell of L2. In addition, for normalizing
the amplitude of the analytic line-shapes to the numerical results,
the maximal value of each single FFR line-shape was normalized
to the maximal value of the corresponding peak in the numeri-
cally simulated single FFR line-shape.

When the two gratings are combined into one device,
forming a device supporting a DFFR line-shape, we combine
two separated corrugations periodicities of top of the metal
layer, so each corrugation couples the radiation mode to a
different SPP mode. The transmission indeed results in a
DFFR line-shape (see the continuous line in figure 3(c)).

The simulated line-shape is fitted to equation (5) using
least squares optimization where the initial guess for the
parameters were taken as the single FFR line-shape para-
meters given in table 1. This procedure results in the para-
meters given in table 2. Comparing between these two tables,
we see that the overall width (associated with Γ) of the two
resonances, their central frequency (ωR) as well as as their
asymmetry parameters qr do not change significantly when
two separate resonances are engineered together into the same
device. Moreover, the real asymmetric parameters are in
consistence with their sign to the FFR profile (qr1>0 and
qr2<0) [14, 16, 36].

In addition, we have simulated the dependence of the
DFFR line-shape on the incident angle of the impinging
radiation. The results are shown in figure 4. As the dispersion
curves at each grating are almost the same a small mod-
ification of the incident angle almost does not change the
position of the peaks (in contrast with a case in which the
dispersion of the modes is different, see [29]).

2.3. The all-dielectric system (III)

For the dielectric wave-guide device, the materials permit-
tivities at λ=800 nm are given by: ò1=1, ò2=14 and
ò3=3.02 [34]. For these values, the corrugation periodicity
that couples the bounded mode in the sapphire layer to the
impinging wave is found using equations (1) and (3) to be
Λ=394 nm. To uplift the degeneracy we chose one period to
equal 400 nm and the second one to equal 410 nm. Again, this
ensures coupling into slightly different bound modes (under
each grating) which translates to a DFFR line-shape in the
reflection spectrum. The length of the total structure was
taken to be L=60 μm, which contains 74 unit cells of each
grating (see figure 2(b)).

The depth of the corrugations of the Si layer were chosen
using simulations to optimize the sharpness of the features in
the reflection spectrum (we note that in all cases the reflection
is quite efficient—having deep features). The best result was

Figure 5. Double FFR resonances for the air-Si-sapphire case.
Numerical simulations of the transmission profile (continuous line);
side-by-side grating device with periodicities of L1=400 nm and
L2=410 nm on the top side, a total hight of H=100 nm and the
corrugations high of h=20 nm and the reflected background
(dashed line) simulated as a dielectric slab with a total hight of
H=100 nm.
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achieved for a thickness of 20 nm. Generally, the dielectric
wave-guide structure is a more efficient filter than the IMI
structure due to its low losses [30, 48].

We first considered two simpler models: one model
having corrugations on its upper side with one set of the
parameters shown in figure 2(b) that fit L1, while the second
model having corrugations on its upper side with the second
set of parameters shown in figure 2(b) that fit L2. We expect
that the reflection power should be a superposition between
the reflected background power of a uniform dielectric slab
and the interference between the bound mode and the
impinging wave that results in sharp resonant features that are
referred to as the FFR [49, 50]. The reason that S11 2∣ ∣ has a
slightly positive tilt which is observed after λ=810 nm (see
figure 6) is due to the background reflectance of the
impinging wave on the wave-guide layer which resembles
Fabry–Perot oscillations when light interacts with a uniform
dielectric slab. Therefore, our fitting data for the FFR cannot

excludes this background reflectance. The effect can be seen
quite well in figure 5 that takes into consideration the inter-
action of the light with the single slab as well as interaction of
the light with the bounded (guided) modes for the air-Si-
sapphire case.

The background reflection can be analyzed using the
reflection/transmission equations describing a uniform di-
electric slab having a core that is 100 nm high. The refractive
index of the core can be found using the same method
mentioned in [49, 50], where the permittivity of the core is
treated as a second degree polynomial dependent on fre-
quency, where the coefficients are unknown. Using the least-
square method, one can approximate the S11

2∣ ∣ parameters of
the simulated background—taking in consideration only the
areas without the Fano resonance and linearly extrapolate
the points between these areas—matching the simulation to
the theoretical slab model and finding the optimal values
describing the core permittivity.

Figure 6. Single FFR and double FFR resonances for the air-Si-sapphire case. Numerical simulations of the transmission profile (continuous
line) and best-fit FFR line-shapes (dashed line) for: (a) a single FFR for a device with a top corrugation having a periodicity of L1=400 nm
and a height of h=20 nm. (b) A single FFR for a device with a top corrugation having a periodicity of L2=410 nm and a height of
h=20 nm. (c) A double FFR for a side-by-side grating device with periodicities of L1=400 nm and L2=410 nm on the top side.
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As one can see in figures 6(a) and (b), the interference
between the direct scattering to the continuum indirect channel
through the single bound discrete mode results in a standard
asymmetric FFR line-shape for the reflected power. This kind of
structure where the top of the dielectric layer is corrugated is
best suited for realizing reflection gratings [30], therefore we
look at the S11 2∣ ∣ parameter. The top of the layer was corrugated
only perturbatly (h=20 nm) in order to preserve the accuracy
of the dispersion equation given by equation (3). We note that
the minimum of the FFR profile was obtained at λ=800 nm as
calculated using equations (1) and (3), meaning that the geo-
metry of the unit cell did not change the phase matching con-
dition, in contrast to the plasmonic IMI case.

The matching of the line-shapes parameters that fit
equation (4) (we assume a lossless case as the Si and the
sapphire have negligible losses [34]), were extracted from
each of the two single FFR cases, shown in figures 6(a) and
(b) using a similar optimization procedure as was described
for the plasmonic case.

The parameters extracted using this optimization are
given in table 3 for the two separate air-Si-sapphire structures;
one having the corrugation on its top side matching the unit
cell marked with L1 and the other matching L2 (as shown in
figure 2(b)). In addition, the maximum value of each single
FFR line-shape was normalized to the maximal value of the
corresponding peak in the numerically simulated single FFR
line-shape.

As one can notice, the spectral line widths are much
sharper than for the plasmonic IMI case making it a good
candidate for narrow band reflection filters.

The simulated line-shape (neglecting losses in the Si) is
now fitted to equation (5) using least squares optimization
where the initial guess for the parameters were taken as the
single FFR line-shape parameters given in table 3. This pro-
cedure results in the parameters given in table 4. Comparing
between these two tables we see that the overall width
(associated with Γ) of the two resonances, their central fre-
quency ωR as well as as their asymmetry parameters qr do not

Figure 7. The effect the incidence angle has on the DFFR line-shape for air-Si-sapphire structure. (a) The structure for corrugation with
periodicities of L1=400 nm and L2=410 nm at the top side (b) θinc=0◦ (c) θinc=1◦ (d) θinc=2◦ (e) θinc=3◦.
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change significantly when two separate resonances are used
together in the same device.

Moreover, when one changes the incident angle, in
addition to the original FFR matched with the m=1 dif-
fraction order of each grating, we observe a secondary DFFR
that starts to appear in the vicinity of the original DFFR (see
figure 7). The reason for this secondary feature, is caused by
the negative diffraction order m=−1 from each grating that
enables the bounded mode to also couple to the incident light
at a slightly different frequency. This can be easily verified
using equations (1) and (3).

The same secondary DFFRs also appear for the IMI case
(see figures 4(d)–(e)) as a small bump around 850 nm how-
ever their power are negligible for these small angles. For the
smaller angle (see figure 4(c)), the negative diffraction order
is hidden by the strong positive diffraction order that is pro-
duced near the resonance. We note that similar features
emerging due to a change of incident angle were also
observed in [51].

3. Conclusions and discussion

In this work, we suggested two simple grating-based struc-
tures (one based on a plasmonic structure and one on an all-
dielectric wave-guide structure) supporting a DFFR which are
easy to fabricate and exhibit deep features. The overall line-
shape is determined by the periodicities of the gratings and
their unit cell configuration. The location of the resonances
is mainly determined by the periodicities of the gratings
while the asymmetry parameters are determined mainly by
the shape of the unit cell of each grating. The simplicity of
the structures and their sharp line-shapes makes them suitable
candidates for realizing integrated optical filters which are
relevant for sensing applications.
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